Sonoluminescing single bubbles driven simultaneously by two harmonic frequencies were recently reported to increase the maximum light output up to a factor of 3 with respect to single mode excitation. In this paper, experimental and numerical results on single-bubble sonoluminescence ͑SBSL͒ in an air/water system using the fundamental mode of 25 kHz and the second harmonic at 50 kHz are presented. The region of light emission is mapped in the three-dimensional parameter space spanned by the two driving pressure amplitudes and their relative phase. Good agreement was seen between measured light output, maximum bubble radius, and stability boundaries and the numerical model which is based on spherical bubble oscillations regarding diffusive and shape stability. The maximum brightness was enhanced by a factor up to 2.5 with respect to single mode SBSL. However, long-term measurements reveal great variation of the emission at fundamental mode driven SBSL and of the boost factor reached with two frequencies. The overall brightness maxima of both excitation methods within a period of several hours turn out to show little difference.
I. INTRODUCTION
The light pulse emission of a bubble acoustically trapped in a standing sound field is known as single-bubble sonoluminescence, SBSL.
1,2 This effect occurs in a regime of strongly nonlinear radial oscillations of the bubble with a violent collapse. The short-lived extreme conditions in the bubble cause significant interest in the phenomenon, and hard bubble collapses are in fact essential for many observed cavitation effects besides luminescence, for instance erosion or sonochemistry. While the detailed mechanisms of light generation are still under debate ͑see, e.g., Ref. 3 and references therein͒, the idea of enhancing the emission has been pursued in the meantime by several authors. 4, 5 One hope is to increase collapse temperature and pressure and maybe even facilitate nuclear fusion in the bubble. 6 In an SBSL experiment, many parameters influence the bubble stability, its oscillation, and the compression during collapse. Not all parameters, however, are readily and independently adjustable from the outside, as they are mainly a question of various stability aspects. In particular, the bubble size ͑equilibrium or ambient radius R 0 , or equivalently the number of molecules in the bubble͒ is a diffusion-controlled quantity which is indirectly influenced by virtually all external parameters. This is also true of the compression ratio of equilibrium and minimum radius during one oscillation period, R 0 /R min or a similar measure, the expansion ratio described by maximum and equilibrium radius, R max /R 0 ͑which has been related to the light emission experimentally 7 ͒. Therefore, it is not surprising, even without specific assumptions on light generation, that strong variations of emission have been reported for the change of SBSL conditions.
Let us split the parameters of a typical SBSL setup into those connected with the liquid-gas system, and those concerning the acoustic driving, both essentially independent from each other. The former comprise mainly the liquid and gas types used and their properties ͑like density, viscosity, surface tension, sound speed, vapor pressure, heat conduction, etc.͒, the dissolved gas concentrations, and the ambient pressure and temperature. The latter are usually frequency and amplitude of a standing wave mode with sinusoidal time variation. Many investigations regard the physico-chemical properties of the liquid and dissolved gases, which are quite important to infer the light-emitting mechanism, but fewer reports deal with efforts to optimize the driving, which in principle we should be able to combine with any other light enhancement strategy. Among such suggestions are a shift in driving frequency, 5 and adding spikes 6, 8, 9 or higher harmonics 4 to the applied alternating pressure. The idea of a multifrequency or even a nonperiodic driving of cavitation bubbles has been investigated by several authors, [10] [11] [12] [13] also in connection with SBSL. 4,8,14 -16 The only experiments known to us that have shown an increased light signal compared to sinusoidal excitation were reported by Holzfuss et al. 4 In that work the relative phase shift between the fundamental ͑or first͒ and second harmonic of fixed amplitude was varied, and at certain ''stability islands'' up to a tripling of emitted photons relative to sine excitation could be measured. Ketterling and Apfel 16 interpreted the findings in the context of the dissociation hypothesis, DH. 17, 18 The trends of the experiments could be explained well theoretically under consideration of diffusive, shape, and positional stability. For a prediction of the light output, an empirical formula found by Gaitan and Holt 7 was used by Ketterling and Apfel. However, a more complete and direct comparison of data and theory could not be performed because of the lack of additional measurements.
In this article we present results from a systematic study on two-frequency excitation of SBSL. We used a spherical resonator in contrast to the setup of Holzfuss et al., 4 who employed a cylinder. The advantage of a sphere is that ideally all integer multiples of the fundamental mode frequency have a pressure antinode at the geometrical center. Therefore, the displacement of the bubble from the center is small in the case of multimode driving, and the influence of such a spatial shift on the effective driving pressure amplitude is also small. Throughout our experiments, the positional stability 19, 20 was always met near the center of the flask, which is different from the reported cylindrical standing wave. 4 There, a pressure node of the higher mode was found at the cuvette center and a shift of the bubble position was essential for a two-frequency driving. 16 A side effect of this bubble motion was that only effective phase shifts of up to were realizable in the cylinder. This limitation is overcome by a spherical container. Figure 1 shows a schematic diagram of the arrangement of the experiment. The spherical resonator ͑outer radius L ϭ3 cm) consists of two polystyrene hemispheres put together with a two-component glue. The cell was fixed on top by an attached acrylic neck of diameter 10 mm and length of 2 cm, shut by a removable plastic cap. The acoustic signal was transmitted by two pairs of piezoceramic transducers bonded with epoxy to the wall on opposite sides, one pair for each frequency. The first and the second harmonic were separately generated by two phase-locked function generators ͑HP 33120A͒, boosted by two common amplifiers ͑SONY TA-F445R, Krohn & Hite DCA-50͒ and connected via impedance matching networks to the transducers.
II. EXPERIMENTAL SETUP
Our liquid-gas system was a standard choice of degassed water and air at normal ambient pressure and temperature. For maintaining room temperature, a fan was positioned above the resonator. The water ͑demineralized and filtered͒ was degassed outside the resonator and then carefully filled in through a system of small latex tubes. However, the filling process always caused a certain reflux of air to the liquid. As the gas content of the water could not be measured inside the sphere, it was determined by an oximeter in the degassing container directly before and after the resonator filling procedure. The results gave an upper and lower threshold for the real value in the cuvette. Therefore, the gas content entered the calculations as an unknown parameter which could be adjusted within a certain given range.
Bubbles were seeded by electrolysis at a vanadium electrode, which was installed at the bottom of the cell and triggered by a short current pulse from a controllable power supply. The light output of the luminescing bubble was sensed by a photomultiplier ͑PMT, Hamamatsu R 5600U-06͒ and digitally recorded by an oscilloscope ͑LeCroy LC 574 AM͒. All devices were connected to a computer that allowed program-controlled change of settings and acquisition of data.
The acoustic pressure amplitude was measured by a fiber-optic probe hydrophone ͑FOPH 300͒, 21 the spatial sound-field distribution was determined using a PVDF needle hydrophone ͑Imotec͒. Dynamic bubble-size sequences were accessible via high-speed optical recordings ͑Imacon 468͒ through a long-distance microscope ͑Questar QM 100͒. By this method, the maximum radius could be extracted.
The fundamental mode frequency of the resonator, which we want to call the ''first harmonic,'' was found at f 1 ϭ24.76 kHz. This fits very well to the theoretical expectations for the first j 0 spherical Bessel mode. ͓The nth mode is ideally found by j 0 (k n L)ϭ0 with k n ϭ2 f n /C and k n L ϭ n , C being the sound speed in water and n the nth zero of j 0 . Because the spherical Bessel function j 0 (kL) can be written as sin(kL)/kL, we get n ϭn and an equidistant frequency spacing f n ϭnC/2L.] The center frequency of the second j 0 spherical Bessel mode appeared at a slightly lower value than 2 f 1 , probably because of damping by surface waves of the plastic sphere. However, a driving at exactly 2 f 1 was quite possible, and only near the resonator wall were some deviations from the ideal j 0 mode shape detected. For more details of the experimental setup we refer to Ref. 22 .
III. NUMERICAL MODELING
We compare the experimental results with simulations based upon a spherical bubble model. We used a KellerMiksis model in a formulation similar to Ref. 23 with a van der Waals hard core 24 to describe the evolution of the bubble radius R vs time
͑3͒
The parameter values used correspond to air bubbles in water at 20°C and isothermal compression ͑sound speed C ϭ1482 m/s, density ϭ998 kg/m 3 , surface tension ϭ0.072 75 N/m, viscosity ϭ0.001 Ns/m 2 , ambient pressure p 0 ϭ100 kPa, van der Waals coefficient bϭ0.0016, and polytropic exponent ␥ϭ1͒. The driving pressure is taken to be the superposition of the first two j 0 modes at the center of the sphere, i.e., p a ϭ P 1 cos(2f 1 t)ϩP 2 cos(4f 1 tϩ), where the amplitudes P 1 and P 2 and the relative phase are externally controlled parameters. Additionally, the relative gas saturation in the liquid far from the bubble, c ϱ /c 0 , is set to a value determined from the degassing pressure p d , the ambient pressure at measurement, and the relative volume fraction of inert gas in air: c ϱ /c 0 ϭ(p d /p 0 )ϫ0.01. This expression is in accordance with Henry's law and the hypothesis of dissociation, further reaction, and solution of the noninert gases. 17, 18 Given a set of parameters ( P 1 , P 2 ,,c ϱ /c 0 ), our numerical algorithm determines a diffusively stable equilibrium radius R 0 of the bubble, if it exists. This is done by an automatic search, bracketing, and bisection to fulfill the diffusive stability requirements 16, [25] [26] [27] [28] [29] 
where ͗•͘ T denotes the time average over an oscillation period.
Once a stable equilibrium R 0 ( P 1 , P 2 ,,c ϱ /c 0 ) is found, it is checked for shape stability. One standard procedure is to consider the linearized motion of small surface mode amplitudes a m perturbing the spherical shape. With inclusion of viscous damping ͑derived for the case of constant R͒, we get [30] [31] [32] 
By integration over the radial oscillation period we obtain the Floquet multipliers, and the one with the maximum absolute value, max , determines the parametric stability of the considered mode m. In experiments, however, the bubbles turn out to be more stable than predicted by this approach. 33, 34 Extensions of the formulation have been given, [35] [36] [37] [38] but they are difficult to implement numerically, and approximations are partly under debate. 39, 40 Here, we use a pragmatic approach to keep the calculations simple and to compensate for the apparently underestimated damping mechanisms ͑mainly viscous effects, but also contributions from mode coupling and sound radiation͒. We regard only the usually most unstable mϭ2 mode and may allow the max threshold for parametric stability to have a value greater than 1 ͑which would be the strict parametric shape stability border͒. Thus, the bubble destruction threshold is represented by a max isoline, e.g., max ϭ1000.
Finally, a certain light output is assigned to the diffusively and spherically stable bubbles. Following Gaitan and Holt, 7 the number of ͑detected͒ photons n ph per ͑equilib-rium͒ bubble volume scales approximately as (R max /R 0 ) 4 .1 , where the number of photons was set proportional to the rms voltage of the photomultiplier, measured with a lock-in amplifier. 41 In our experiment, the measured quantity scales as well with the number of photons ͑within the detection wavelength window of 250 to 550 nm͒, if the light pulse width ͑typically 60 to 250 ps 42 ͒ is assumed to be much shorter than the impulse response of the PMT ͑Ϸ1 ns͒. Therefore, we adopt the above relationship ͑with a rounded exponent and the ambient bubble volume taken out͒ to predict the total light output ͑i.e., the averaged PMT peak voltage Ū PMT )
We do not employ a ''Mach criterion'' 16, 28 for the onset of SBSL. As we checked a posteriori, in our model the bubble wall in any case typically reaches the gas sound speed during collapse for a bubble in diffusive ͑noble gas͒ equilibrium.
IV. RESULTS

A. Variation of fundamental amplitude and phase difference
Due to technical simplicity and better automation of the measurements, we decided to fix the amplitude of the second harmonic ( P 2 ϭconst) and to successively increase the amplitude of the first harmonic P 1 at a given phase difference . The phase is altered afterwards in the ''outer loop'' of the parameter scanning procedure. First, we present a comparison of experiment and numerics with respect to the light emission, then we compare measured and predicted maximum radii. Finally, we refer to the comparison of two frequency with pure sinusoidal excitation in connection with results of long-term experiments.
Light emission
A representative result of the indicated type of (, P 1 ) scan is given for a fixed P 2 ϭ20 kPa. Figure 2 shows the SBSL region; Fig. 3 gives the light output for selected phase FIG. 2. Phase diagram of variation of P 1 and at P 2 ϭ20 kPa. Solid dots denote stable SBSL, open dots unstable SBSL. Different calculated stability boundaries are given for P 2 ϭ15 kPa and c ϱ /c 0 ϭ0.15%: Lower limit of diffusively stable ͑Ar-͒ bubble ͑diff limit͒, parametric shape stability limit ( max Ͻ1) and limits for different maximum Floquet multiplier ( max Ͻ100, max Ͻ1000). The crosshairs represent the experimental error.
differences . The measured light output is the average over 30 flashes of the peak PMT voltage. It is given in arbitrary units.
In the course of raising P 1 for the phase difference held constant, a trapped bubble is typically dark at low amplitude, then starts to glow, increases its size and its light emission, and finally is destroyed after a condition of ''cyclic'' or ''unstable'' SBSL.
1, 28 Thus, the region of light emission is bordered by a ''first light'' boundary at lower pressure amplitude, and an extinction threshold at higher amplitude. The required amplitude P 1 to get first SBSL is minimal at a phase of Ϸ180°, and it increases almost linearly depending on the phase until the maximum at Ϸ0°͑ϭ360°͒. The same holds for the onset of unstable SBSL and the bubble destruction threshold, which leads to a characteristic V-shape of the luminescence zone in the (, P 1 ) plane. The width ⌬ P 1 of the zone is slightly larger around ϭ180°(⌬ P 1 Ϸ20 kPa) than at 0°(⌬ P 1 Ϸ15 kPa).
From lower to higher P 1 the light emission mostly grows monotonically as is known from experiments with pure sinusoidal excitation. Then, a region follows where the ͑averaged͒ light output decreases with increasing pressure amplitude until the bubble is destroyed. The moment of destruction is given by the border of data values.
The decreasing averaged light output is connected with so-called cyclic or ͑diffusive͒ unstable SBSL states: the bubble size ͑and its emission͒ starts growing in time because of rectified diffusion until a surface instability is met, which happens before the diffusive equilibrium size is reached. After fragmentation and splitting of microbubbles, the main remnant continues glowing, but with lower emission. Then, a growing cycle starts again until the next splitting. The mean output is therefore lowered, although the maximum brightness may be even larger than at stable SBSL states.
The changing SBSL behavior is illustrated in Fig. 4 , where the light signal for a P 1 scan with fixed is shown. The series of PMT data represents the time evolution of the light emission. After onset in sequence 7, SBSL is observed which we call stable in the sense of relatively small variation of the signal. This behavior continues until sequence 13 while the brightness increases. Afterwards ͑sequences 14 and 15͒, alternating breakdown and increase of emission can be seen. This causes a large variation and a lower mean value of the signal. Although dramatic drops occur only beyond sequence 13, the variance of the pulses already seems to get larger earlier. This may indicate the gradual loss of spherical stability of the bubble oscillation, if one adopts results from laser-induced bubble luminescence. 43 Additionally, it can be noted that breakdowns appear most frequently at the moment of parameter switching, as especially large perturbations are caused by the stepped change of the pressure. It is noteworthy that we sometimes observed a plateau of emission beyond the typical unstable SBSL, but before total bubble destruction ͑as in Fig. 3 , sequences 16 and 17͒. Our interpretation is that these data indicate the light emission of bubbles dynamically stabilized ͑by frequent microbubble ejection͒ at a relatively small size. This would correspond to unstable SBSL states of very short shrink-and-grow cycles.
The numerical simulations of bubble stability properties give reasonable results. The essential V-shape of the luminescence region can be reproduced well; see the lines in Figs. 2 and 3 . The diffusion limit line in Fig. 2 indicates a   FIG. 3 . Light emission at different from the same experiment and simulation as in Fig. 2 . Experimental data ͑dots͒ are normalized to the maximum value of the whole phase scan; the simulated light output is in arbitrary units. Calculated stable SBSL emission is denoted by the solid line. Calculated emission for parametrically unstable SBSL (1Ͻ max Ͻ1000, dashed line͒ is scaled by the shape instability measure max ͑by dividing the light output by log 10 ( max )ϩ1; see the text͒. The isolated theoretical SBSL at ϭ180°, P 1 ϭ155 kPa is caused by an island of low max ͑see the text͒. 
Three parameters have been slightly adjusted in the numerical simulation to test their influence and to find best agreement with the observed experimental stability region: ͑i͒ the gas saturation c ϱ /c 0 , which was known only inaccurately; ͑ii͒ the second harmonic amplitude P 2 , as the pressure amplitude measurements had a relatively large absolute error ͑10 kPa͒; and ͑iii͒ the Floquet multiplier max , as the shape instability onset is probably estimated too low. We found that the largest effect of an increase in gas saturation was to move the whole V-shape down to lower P 1 amplitudes. An increase in P 2 basically stretches the V-shape in the vertical ( P 1 ) direction, and an increase of max extends the stability zone to larger P 1 . The extension of the experimental stability region from Fig. 2͑a͒ could be best reproduced with c ϱ /c 0 ϭ0.15% and by scaling the measured second harmonic amplitude P 2 by 3/4, i.e., P 2 ϭ15 kPa instead of P 2 ϭ20 kPa. The calculated stability boundary max ϭ1 is to be taken as the transition to unstable SBSL. If one raises max to a value of 1000, the absolute stability boundary is best reproduced. Unstable SBSL states are not simulated as they are not stationary with respect to the bubble size. To take into account that bubbles perform unstable SBSL before they are destroyed, we have divided the calculated light output for 1Ͻ max Ͻ1000 by log 10 ( max )ϩ1. Bubbles beyond max ϭ1000 are assumed to be destroyed. Thus, the predicted average emission is reduced as the bubble oscillation becomes more shape unstable. This argument assumes that the destruction threshold of the growing bubbles ͑after a bubble size reduction and emission breakdown͒ is reduced as well. The emission characteristics of unstable SBSL seem to be captured reasonably well by this approach. Note that it is possible to find stability islands, i.e., driving parameters that allow nondestructed bubbles beyond a ''forbidden'' gap as it appears in Fig. 3͑c͒ at P 1 ϭ155 kPa. The evolution of the simulated light output with P 1 is very similar to the observed emission. Most photons have been observed at the upper boundary of the left wing of the V, around Ϸ60°. The left wing appears brighter in the simulations as well. The position of maximum emission is, however, not unique in longterm measurements, as will be shown later.
Maximum bubble radius
To get more information about the system from a different observable, we have extracted the maximum radius R max of stable bubble oscillations from microscopic high-speed recordings ͑Imacon camera and Questar microscope͒. As these recordings are more costly than the PMT measurements, only one representative and more coarse (, P 1 ) parameter scan was done for a fixed second harmonic amplitude P 2 ϭ25 kPa. Figure 5 gives the experimental data ͑symbols͒ and numerical results ͑lines͒ at different . Again, the value of P 2 has been reduced in the calculations ͑to 20 kPa͒ and c ϱ /c 0 has been set to 0.3%. The solid lines indicate stable bubbles with max р1 and dotted lines mark the the region 1Ͻ max р1000.
Very similar to the pattern for light emission, the maximum radius increases with an increasing P 1 at fixed . This is well reflected by the calculations. The diffusion stability limits, i.e., the smallest R max , are adequately reproduced by the model. The range of calculated stable R max is also found to agree with the observations for max ϭ1. However, the slope of the R max vs P 1 curve is overestimated and the simulated bubbles become shape unstable at lower P 1 values ͑up to a difference of 20 kPa͒. We note that in these experiments the P 1 measurement could only be done with a higher uncertainty than otherwise.
To estimate the bubble's inner conditions, such as the temperature at emission, the relative photon emission per molecule ͑or unit volume͒ can be employed. Unfortunately, the rest radius R 0 was not accessible in the experiment, and we can only rely on the simulations to yield the expansion ratio, which in turn predicts the relative emission with Eq. ͑6͒ after Ref. 7 .
The calculations show an increase of R 0 similar to R max , but an overall decrease of R max /R 0 for raised P 1 . This is in accordance with previous measurements and calculations 7, 16 and yields maximum expansion ratios just after the onset of SBSL ͑at the lower boundary of the V͒. This implies that the brighter emission at the top border of the V-shape is due to the bubble containing more molecules, but not to elevated temperature. Interestingly, the compression ratio R 0 /R min , although only weakly changing, displays rather the opposite FIG. 5. Measured ͑symbols͒ and calculated ͑lines͒ maximum radius R max for different P 1 and . P 2 ϭ20 kPa. At the stability border max ϭ1, the lines are extented by thinner segments up to the limit max ϭ1000.
to the expansion ratio: it is typically higher for the larger and brighter bubbles at the top of the V.
Long-term measurements
We performed automatic repetitions of the parameter scans to test for reproducibility of the results. The light output of complete (, P 1 ) scans was recorded up to 20 times in a row, over a period of several hours. In Fig. 6 one of several series taken is presented.
It can be seen that the V-pattern of the SBSL region is quite well reproduced by every scan. The details of the emission strength, however, may vary with time, as seen in Fig. 7 . While the main figure of a darker bottom line and an increase of brightness towards higher P 1 is preserved, the absolute light output and the parameters at maximum emission change. This gives evidence for some statistical noise in the data, which is best explained by random perturbations of the bubbles influencing their destruction. Additionally, systematic effects can be observed. A pronounced feature is the decrease of the SBSL regime at about 2 h in Fig. 6 ; a typical evolution of light emission in this region is given in Fig.  7͑c͒ . After ca. 3 h, the pattern regains stability. A similar emission drop appeared in all our long-term parameter scans after some hours. Figures 8 and 9 show an emission recording for pure sinusoidal excitation at the fundamental mode ͑repeated simple P 1 upward scans at P 2 ϭ0). The bubbles become brighter and the measurements less scattered after 2 h, and from hours 4 to 6 an emission drop appears ͓Fig. 9͑c͔͒. After 6 h, the data are more noisy, but remain regular until the end of the sequence.
As the reason for the change in SBSL behavior on the expanded time scale, we postulate a slow drift of temperature and/or gas content of the water. The experiment was cooled by a fan, but a temperature drift of about 2°C could be observed in some runs. Typically a temperature rise would be accompanied by a shift of the stability region to larger excitation voltages, because the fixed fundamental driving frequency would no longer meet the resonance condition, and higher driving voltage at the transducers would be needed for the same effective pressure amplitude. Since the values of P 1 are derived from the voltage after a calibration in resonance, temperature rise would shift the observed emission pattern to an artificially large P 1 . Such a feature can indeed be perceived to a small extent in Fig. 6 , but not in Fig. 8 .
The gas content of the water is increased by air leakage and by chemical reactions. Electrolysis for seeding bubbles creates O 2 and H 2 , and dissociation and reaction of O 2 , N 2 , and H 2 O during the collapse produce a further variety of molecules dissolving in water, according to the dissociation hypothesis. 17, 18 The influx of air is a source of argon and would shift the relative gas saturation which is relevant for the bubble equilibrium size. Calculations show that, as a consequence, the V-shaped stability region would move slightly downwards in the (, P 1 ) plane and become thinner.
Another effect of temperature increase is the decrease of FIG. 6 . SBSL phase diagram of a long-term measurement at P 2 ϭ20 kPa. Gray denotes stable SBSL; unstable regions are filled with black. Each V-shaped segment is a complete (, P 1 ) scan from ϭ0°to ϭ360°. The horizontal axis is labeled with the elapsed time; a complete scan took slightly over 30 min.
FIG. 7.
Sample of light output evolution from one long-term experiment ͑see Fig. 6͒ at constant phase ͑ϭ234°͒. Time t gives the time relative to the beginning of the experiment. The meaning of the symbols follows Fig. 3 . The light output is normalized to the maximum emission of the entire measurement.
FIG. 8. Phase diagram for fundamental mode driving only ( P 2 ϭ0).
Gray denotes stable SBSL, black gives the region of unstable SBSL. The data set is part of a long-term comparative measurement of single-and twofrequency driving ͑compare Fig. 11͒.   FIG. 9 . Sample of light output evolution from the single mode long-term experiment in Fig. 8 ͑compare Fig. 7͒ .
solubility of argon in water ͑about 5% less for a 2 K rise͒. This acts in the same direction as an Ar influx, because the saturation concentration c 0 goes down and the relative Ar saturation c ϱ /c 0 goes up, respectively. Furthermore, the water vapor pressure increases roughly by 10% per 2 K. It is difficult to estimate the combined effect of temperature rise and air leakage since they are partly counteracting. The influence of the addition of other gases and reaction products is probably negligible, but increased water vapor is likely to contribute to changes of the light emission. 44 -46 To demonstrate that even a small change of the relative gas saturation may lead to a nonmonotonic alteration of the observed maximum luminescence, we present a simulation for pure sinusoidal excitation. In Fig. 10 we see the calculated light output for different values of relative air saturation of the water ͑corresponding to 100ϫc ϱ /c 0 ). As the experimental value was not precisely measurable, we give a sample calculation for 15% to 25%. We modified the light output for unstable SBSL 1Ͻ max Ͻ1000 as before.
While the lower boundary for emitting bubbles ͑the diffusive stability threshold͒ is smooth and simply decreases slightly with increasing air percentage, the upper border possesses more features because of the inclusion of the unstable SBSL effect depending on the degree of shape stability. In fact, the maximum Floquet exponent max varies nonmonotonically and shows resonant behavior with valleys and hills including peaks. Consequently, an increase in air saturation can lead to the observation of ups and downs in the maximum brightness ͑although the general trend is a decrease of light͒. We conclude that the observed SBSL emission drop ͑and recovery͒ during long-term experiments could be explained by stability changes due to a high sensitivity to the relative air ͑Ar͒ concentration. Air leakage and temperature fluctuations ͑via change of gas solubility͒ can lead to this effect.
To investigate how to boost the light output by twofrequency driving, we performed long-term measurements with alternating excitation type. Again, several successive (, P 1 ) scans were completed as described before, now at P 2 ϭ40 kPa. Additionally, after every upward scan of P 1 at a fixed phase of the second harmonic, a P 1 upward scan with P 2 ϭ0 was performed to check the maximum light emission for sinusoidal driving. The relative brightness of the maximum with second harmonic, normalized to the brightness without second harmonic measured directly afterwards, is plotted in Fig. 11͑a͒ versus the elapsed time. The data show large scatter because all scanned phases are included, not only the ''best'' phase of a complete (, P 1 ) scan. Vertical lines mark the endings of full phase turns ͑overall 19 in 20 h͒. In almost every such (, P 1 ) scan, adding the second harmonic results in relative boosts, i.e., between nearly all vertical lines values above unity appear. Most of the time, however, the gain factor is rather small and stays well below 1.5. In the period between 4 and 6 h of measurement, a pronounced gain emerges with an optimum of 2.5. Additionally, it turns out that the optimal phase is not unique, but distributed over the whole circle with some preference around 75°.
A more differentiated picture of the long-term evolution of the maximum luminescence can be obtained from the absolute emission values given in Fig. 11͑b͒ . For each completed phase turn we show the following data: ͑i͒ absolute maximum at two-frequency driving ͑open square͒ over all phase differences; ͑ii͒ absolute maximum at monofrequent driving ͑downward triangle͒; ͑iii͒ the subsequent pair of twofrequency ͑open circles͒ and single-frequency ͑upward tri- angles͒ excitation values that gave the largest relative boost within that phase turn. The vertical interval between the upward and downward triangles gives an impression of the variation of the maximum light output at single-frequency driving, which is quite large. It is found that large boost factors appear mainly because of a poor monofrequent maximum brightness ͑at that time͒, while the longer-term monofrequent maximum is seldom exceeded by the highest twofrequency brightness. Mainly around the 5-h time mark the two-mode excitation results in significantly higher absolute light output than the fundamental mode driving. This is the same time interval where the largest relative boost was measured, but also where a regime of minor shape stability and lower emission of the single mode excitation was found ͑compare Figs. 8 and 9͒ . Thus, one might speak of stabilization rather than of amplification of the absolute output by the second harmonic.
B. Variation of second harmonic and phase
In analogy with Holzfuss et al., 4 we undertook ( P 2 ,) scans of the three-dimensional parameter space. For an overall fixed amplitude P 1 , the second harmonic amplitude P 2 was increased stepwise. At each step the relative phase was scanned from 0°upwards to 360°. Directly afterwards ͑after a possible necessary bubble reinjection͒, it was decreased downwards to 0°. Then, the next P 2 step took place. The results are shown in Fig. 12 for P 1 ϭ140 kPa. We normalized the light output to the averaged value in absence of the second harmonic ͑at P 2 ϭ0). The amplitude of P 1 was chosen to get a stable and noticeable emission, but not the maximum; the measured value was P 1 ϭ140 kPa. Adding the second harmonic weakly we found a brightness minimum around ϭ0°͑ϭ360°͒ and a maximum around ϭ180°with monotonic behavior in between. This tendency increases with higher amplitude of the second harmonic. It leads to regions without detectable light output around ϭ0°and events of high light output and sometimes bubble destruction around ϭ180°. The maximum in light output is shifted to slightly larger phases for larger P 2 . At brighter emission the variance of the sampled PMT voltage maxima appeared to be increased, but it was lower than for a typical unstable SBSL state. The lines in Fig. 12 give the results of a numerical simulation for P 1 ϭ140 kPa and an air saturation of 15%. The shape of the region of luminescence is well reproduced. The absolute values are better approximated by the numerical results at lower P 2 ; good results are given by a reduction of 3/4 of the measured P 2 , which is consistent to the result of the (, P 1 ) scan ͑see Fig. 3͒ . At high P 2 , the real bubbles seem more stable than the calculations predict, and the luminescence seems to achieve some saturation. The measured light output for higher P 2 does not significantly exceed the values at P 2 ϭ20 kPa. Unstable SBSL is not observed in parameter ranges where the calculated maximum eigenvalue is higher than 1 ͑visible by the drops in the numeric curves͒. Some bubbles indeed disappeared near ϭ180°, which is an indication of high sensitivity to perturbations, but other bubbles survived the full phase shift, especially the downtuning. In comparison to amplitude steps, the phase changes correspond to smoother parameter transitions. This seems to be advantageous. It appears that gentle adjustment procedures and preferable paths through parameter space can lead to otherwise hardly reachable bubble oscillation states.
The calculated maximum light output at some parameter values is significantly greater than what was measured, especially at higher second harmonic excitation. According to the model and the empirical rule Eq. ͑6͒ a bubble at ϭ180°and P 2 ϭ40 kPa, theoretically shape unstable, should emit more than four times the light of a bubble driven with P 1 ϭ140 kPa alone ͑three times at P 2 ϭ30 kPa). We observed merely a doubling of the light signal. A significant reduction of the observed signal by unstable SBSL and averaging can be excluded for these data, because no typical unstable SBSL was met here ͑only fluctuations around a mean value, no breakdowns͒. Therefore, we conjecture that relation ͑6͒ might not be universally applicable.
V. SUMMARY AND DISCUSSION
An extensive investigation of SBSL driven at the fundamental mode of 25 kHz and twice that frequency has been presented. Representative parameter space sections have been scanned experimentally to measure regions of light emission and to quantify the light output and, to some extent, the maximum bubble radius. Measurements of relative phase and fundamental pressure amplitude P 1 at fixed second harmonic amplitude P 2 have been presented as well as a FIG. 12 . Light emission of a phase scan at P 1 ϭ140 kPa and different P 2 , normalized to the single mode SBSL emission. The variance of experimental data ͑symbols͒ is only shown when greater than 0.2. Simulated results ͑lines͒ are shown for c ϱ /c 0 ϭ0.15% using the same modification for unstable SBSL as in Fig. 3 . The data are best fit by a reduction of P 2 by a factor of 3/4. From P 2 ϭ20 kPa up, the experimental maximum light output around ϭ180°does not increase significantly.
survey with respect to and P 2 for fixed P 1 . The parameter zones of SBSL have been calculated numerically by a Keller-Miksis-type bubble model taking into account shape and diffusive stability under assumption of the dissociation hypothesis. 17, 18 We find mostly good agreement between experimental and theoretical SBSL regions in parameter space. Likewise, the calculated maximum radii range corresponds within 10% to the observed ones. This can be interpreted as another confirmation of the dissociation hypothesis. 47, 48 The upper stability border of the SBSL parameter region has been numerically determined in terms of the maximum absolute value of the Floquet multipliers of the mϭ2 surface mode, max . This rather simple approach neglects several damping mechanisms that are numerically expensive to model. This shortcoming could be compensated quite reasonably by a uniform increase of the bubble destruction threshold to values of max greater than 1. The quantity max has also been used to describe the reduction of the averaged light output for unstable SBSL states. It has been illustrated that a monotonic parameter drift ͑like an increase of the gas saturation͒ may cause nonmonotonic emission alterations if the unstable SBSL effect is included. The reason is the parametric resonances of the surface mode. Similar changes of stability and emission have been found in our long-term experiments. Figure 13 gives a plot of the ͑calculated͒ stability zone in three dimensions for max Ͻ1. We note that the approximate symmetry with respect to the phase shift ϭ180°is remarkable and not evident a priori, because driving signal shapes are in general different for ϭ180°Ϫ⌬ and ϭ180°ϩ⌬ with some ⌬. The symmetry is reflected, however, by the peak negative pressure of the driving ͑cf. Ref. 16͒ . This quantity, the most negative pressure, seems to be essential for the diffusive equilibrium radius R 0 , which displays a similar symmetry, at least for small contributions of the second harmonic. The bubble size in turn is the main contributing factor to the number of emitted photons ͑via the molecule number inside the bubble͒. For a larger share of the second harmonic, the symmetry becomes increasingly destroyed.
The light emission was measured in terms of maximum PMT voltage averaged over 30 SBSL flashes. In the case of pulses much shorter than the PMT impulse response time ͑our assumption͒, the signal scales with the number of emitted photons of detectable wavelength. The measurements have been compared with numerically estimated values from the bubble model and following the empirical relation ͑6͒ from Ref. 7 . The experimental trends could be well reproduced, although the modeled emission appears to predict a partly stronger boost. Thus, the estimation according to relation ͑6͒ may not apply to all situations. This conclusion, however, is based on the modeled expansion ratios only, as the equilibrium bubble radius has not been monitored in the experiments. It was possible to amplify SBSL emission relative to sinusoidal driving by adding the second harmonic. A comparison of the maximum achievable photon output between single-and double-frequency excitation showed a boost factor of up to 2.5. However, long-term measurements of this effect indicated variations of the relative gain as well as the optimal phase shift. In most cases the observed amplification factor was less than 1.5. Additionally, a large gain was seen only where pure sinusoidal driving resulted in rather low absolute emission maxima. Within a period of 16 h the observed overall maxima of both excitation methods were little different.
The investigations exhibited a relatively high sensitivity of the experiments. In particular, bubble destruction, which is based on random perturbations, and the degree of shape stability may be influenced by external noise and small parameter drifts. On the other hand, a smooth parameter change without abrupt perturbations could avoid early bubble destruction. Potentially a parameter adjustment via a smooth path may achieve preferable regimes in parameter space that are impossible to establish directly, for instance ''stability islands'' with high light emission. However, we believe that a reproducible performance of such experiments requires an excellent control of parameters and noise, which is not usually given in a standard SBSL system.
